Section 2.6 Exercises ey

In Exercises 1-4, sketch the interval (a, b) on the x-axis with
the point xg inside. Then find the largest value of § > O such
that |x — xg| < § implies that a < x < .
la=1,b=7x=35 2.a=1,b=7,%=2
a=-7/2,b=-1/2,xp=-3
4o a=-7/2,b=—-1/2, %0 = —3/2

Use the graphs in Exercises 5-10 to find a § > 0 such that for
all x,
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Each of Exercises 11-18 gives a function f(x), a point xq, and a
positive number €. Find L = lim,_,, f (x). Then find a number
& > 0 such that for all x, )

O<ix—xpl<d = |f(x)y—Li<e
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1. fx)=2x+3,x0=1,e =001
12 fx)=3—-2x,x0=3,e =002

2

2y
1B, f) =" xg=2€=005
x—2
x2+6x+5
14. T Y = —5,e=005
S 15 M €

15, f(x)=+x—T,x0=11,¢ =001

16. f(x) = 1= 5%, xp=-3,¢=05

17. f(x)=4/x,20=2,e =04

18. f(x)=4/x,x9=1/2,e =0.04

In Exercises 19 and 20, find the largest § > 0 such that for all x,
O<lx—4]j<é = |fx)—5<e

19. f(x) =9 —x; ¢ =0.01, 0.001,0.0001, arbitrary € > 0

20. f(x) =3x—T7; e =0.003,0.0003, arbitrary ¢ > 0

In Exercises 21-24, evaluate and confirm the limits using the

definitions of limits involving infinity.
2

x+2 X
21, limy s oo —— 22. lim ~
M “x+1 TPy 1
2 .2
23, limy 4. lim - o—
X+ 1 x__>(<\/§/2)+ 2x2 -1

The functions in Exercises 25-32 are locally straight. Let
L =1limy—y, f(x), € > 0, and estimate § > 0 so that

|x —xq| < & implies that | f(x) — L| < €. You may assume that
€ is small, say € < 0.01.

25, f(x)=sinx.xg=1
27. f(x)=cosx,xp=1
29, f(x)=x> —dx,x =0.5
30. f(x)=9x—x>,x =25

31. f(x)=

26, f(x)=tanx,xg=1
28. f(x)=secx,xg=4

,xg = —1
2270

32 @) = %,xo =1

33. Given ¢ > 0, find an interval I = (5,5 +8), § > 0, such
that if x lies in [, then vx — 5 < e. What limit is being
verified?

34. Given ¢ > 0, find an interval ] = (4 —8,4),8 > 0, such
that if x lies in I, then +/4 —x < e. What limit is being
verified?

35. Graph the function

) = 4 —2x,
Foo = 6x — 4,

Then, given ¢ > 0, find the largest § for which f(x) lies
between y = 2 — € and y = 2 + ¢ for x in the interval
I=(1-451496).

36. Let f(x) = [x — 5|/{x — 5). Find the set of x-values for
which

x <1,

x> 1.

37.
38.
39,

40.

41,

42,

43.

44.

45.

46.

l—e<fx)<l+4e, fore=4,2,1, and 1/2.

Define what it means to say that im, 2 f(x) = 5.
Define what it means to say that lim,_,gg(x) = k.

Suppose 0 < € < 4. Find the largest § > O with the property
that |x — 2| < & implies that |x* — 4| < . What limit is
being verified? What happens to § as € decreases toward 07
Graph & as a function of €.

Suppose 0 < ¢ < 1. Find the largest & > 0 with the property

2 .

that [x — 3| < § implies that o 1| < €. What limit
X —

is being verified? What happens to § as ¢ decreases toward
0? Graph 6 as a function of e.

Let f(x) = 1/x. Show that |x — 0.5] < 0.00248 implies

that | f(x) —2) < 0.01. (See Example 3.)

LetO<e<?2. | . .
U hs t n— < = .

a) Use graphs to suppo e < 3 < T

b) Show that for € > 2, the inequality statement in part (a)
does not hold. Which part fails?

Let f(x)=1/x and

if € <2,
1/4,

if e > 2.

¢
52{2(24—6)’

Show that |x — 0.5| < & implies that | f(x) — 2| < €. (See
Example 4 and Exercise 42.)

Let

x>0,
x < 0.

_ [ x*+1.001,
Fo) = { 2% +0.009,

a) Draw a complete graph of f.

b) Find lim,_,o f (x) if it exists.

¢) Tf the limit in part (b) does not exist, show how the
implication

O<lx—x)<8=|flx)—Ll<e

fails.

Suppose
Flx) = {x, if x = 1/n for every natural number n,
T =90, otherwise.

a) Graph f(x).

b) Does lim,_ f(x) exist? If so, find the limit. Explain.
Note that lim,—, _1|x -+ 1|/(x + 1) does not exist. Prove the
limit is not 1 with an €-8 argument. That is, show that there
is an € > O such that for each § > 0 there is always an xg
with 0 < [xg+ 1| < d but ||x +1]/(x + 1) — 1| > €. (Hint:
Choose a value for §, say 6 = 2. Then find an ¢ that makes
the last inequality hold. Finally, complete the argument for
any arbitrary 8.)
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Review Questions

1. You have been asked to calculate the limit of a function

J(x} as x approaches a finite number ¢. What theorems are
available for calculating the limit? Give examples to show
how the theorems are used.

. What is the relation between one-sided and two-sided limits?

How is this relation sometimes used to calculate a limit or
to prove that a limit does not exist? Give examples.

. You used a graphing calculator to estimate limg_,¢(sin 8) /6

and found the graph of f(9) = (sinf)/8 to be the horizontal
linc y = 0.0174532925 =~ 7 /180 in this figure. Exptain
what you did wrong.
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[-0.1,0.1] by [-0.1,0.1}

. What is the procedure for finding the limit of a rational

function of x as x approaches +o00? When is the limit
zero? Finite and different from zero? Infinite?

. What test can you apply to find out whether a function

y = f(x) is continuous at point x = ¢? Give examplecs

10.

11.
12.

13.
14.
15.

16.

17.

of functions that are continuous at x = 0. Give examples
of functions that fail to be continuous at x = 0 for various
reasons. (They don’t have to be examples from the book.
You may make up your own.)

. What can be said about the continuity of polynomial func-

tions and rational functions?

What can be said about the continuity of composites of con-
tinuous functions?

. What are the important theorems about continuous func-

tions? Can functions that are not continuous be cxpected
to have the properties guaranteed by these theorems? Give
examples.

. What are the formal definitions of (two-sided) limit, right-

hand limit, and left-hand limit?

Discuss how a grapher can be used to help determine the
limit of a function. Explain why this is not conclusive.

Define horizontal and vertical asymptote.

Give an example of a function with a removable disconti-
nuity.

Define end behavior and end behavior model for a function.
Define end behavior asymptote for a rational function.

How are absolute values used to describe intervals of real
numbers?

Show by example how absolute values are used to control
function values.

State the formal definitions of limits of infinity and limits at
infinity.

In Exercises 1-6, decide whether the limits exist on the basis of
the graph of y = f(x) shown. The domain of f is the set of
real numbess.

1. lim f(x)
x—>d

3. lim f(x)
X—>Cc~

o " T
1 ] | |
a b ¢ d -

2. »hm+ fx)
4, lim f(x)

. m £

6. lim f(x)

x—>a

In Exercises 7-10, decide whether f(x) whose graph is shown
above is continuous at the following points.

7.
9.

x=a 8. x=b

x=c 10. x =d

Find the limits in Exercises 11-30. Some limits may not exist.

11.

13.

15.

lim x2(x+1) 12, lim (x + 2)(x — 5)
x—=2 x—3
2.
x — x°+1
i 4, lim ————————
== 14 im e o ts
3 5 !
lim ( * >( f+ >'_/
=2 \x + x<+x /)0

;
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1 6 3—
16. lim i a
x=1\x+1 X 7
17. lim V1 - 2x 18. lim v/9 — x2
x—>4 x5
2 _4 2 L
19. lim * 20. rodx 10
x>1 x —1 x—>—=5 xX+D5
x—2 x2 2% 41
21. lim —s—m — 22, lim ——-——
22 x—6 N2t x
1 1
1 2 )=2 )
23. lim +0Q2+x)-2 24, lim 2tx 2
x—=0 X x—=0 X
2 oy
25. lim gx_-L’j 26. m h—_!_i
x—>o00 5x +7 r—>—oc S5x2 +7
24
2. fim L8 28 lm
X——00 3x3 x—oo x2 —Tx + 1
2 4 -3
2. X Tx 30. xT+x

lim lim —————
x—>—00 Xx+1 x—o0 12x% + 128

Find the limits in Exercises 31-34.

31, lim —1; 32. lim ~L—
x—>3+ .7{1— 3 x—3- Xl— 3
33. Im — 34. lim —
=0+ x2 x—=0- |x|
Find the limits in Exercises 35-38.
in2 .
35. lim ‘o 36, lim © 0T
x—=0 4x x—0 X
in® 2, 2cse 5x
37. 1im S 38, lim 250>
x—0 x° x—0 CsC3x
sc9
39, Let £(x) = SC2FCc9x

40.

cot7x

a) Estimate lim,_qf(x) graphically.

b) Compare the function values of f near 0 to the limit
found in part (a).

¢) Describe (informally, no proof required) the behavior of
f near 0. (Hint: Restrict x to [—0.2, 0.2].)

d) Find the exact value of lim,_,¢ f(x) algebraically.

csc Sx sec 8x
Let f(x) = ———.
¢sc 8x sec 3x

a) Estimate lim,_, o f(x) graphically.

b) Compare the function values of f near 0 to the limit
found in part (a).

¢) Describe (informally, no proof required) the behavior of
f near 0. (Hint: Restrict x to [—0.2,0.2].)

d) Find the exact value of lim,_.q f(x) algebraically.

In Exercises 41 and 42 find the limits.

41,

42,

x+3 x+3
I o+ b
a) e 2X+2 )xer—n2*x+2
x—1 x—1
lim —5——— b) Iim ———-—
a) x—>n21+ x2(x —2) ) .\‘—>H21’ x2(x —2)
(— x—1
0 x—1 Q) X

im —— m ——
x—=0F xz(x —2) 0" xz(x —2)

43.

4.

45,

46.

47.

48.

Let
1, x < -1,
-x, ~1<x<0,
flxy=<¢1, x =0,
-x, O<x<l,
1, x> 1.

a) Determine a complete graph of f.

b) Find the right-hand and left-hand limits of f at —1, 0,
and 1.

¢) Does f have a limit as x approaches —1? 07 1? If so,
what is it? If not, why not?

d) At which of the points x = -1, 0, 1, if any, is f contin-
uous?

Repeat Exercise 43 for the function

0, x < -1,
) 2xl, ~1<x <1,
flxo) = 0. x=1,
1, x> 1.
3_
Let f(x) = {\x 4x|, x <1,
x2—2x—2, x> 1.

a) Determine a complete graph of f.

b) Find the right-hand and left-hand limits of f at 1.

¢) Does f have a limit as x approaches 1?7 If so, what is
it? If not, why not?

d) At what points is f continuous? Why?

e) At what points is f not continuous? Why?

1 —v3"2, x<3)2
Lt — i £
oS {1+«/2x-3, x> 3/

a) Determine a complete graph of f.

b) Find the right-hand and left-hand limits of f at 3/2.

c) Does f have a limit as x approaches 3/2? If so, what is
it? If not, why not?

d) At what points is f continuous? Why?

e) At what points is f not continuous? Why?

X, x <1,

Letf(x):{x—l, x> 1.

a) Graph f.

b) Find the right-hand and left-hand limits of f at x = 1.

¢) What value, if any, should be assigned to f(1) to make
f continuous at x = 1?

Repeat Exercise 47 for the function

_ [3s?
or= {3

2
—x2

x <1,
x> 1.

Find the points, if any, at which the functions in Exercises 49
and 50 are not continuous.

49,

x+1
4—x2

50. f(x)=~3x+2

f) =

Find the end behavior asymptotes in Exercises 51-54 algebraically
and support graphically.

51.

25+ 1

252+ 5x — 1
x2—2x+1

52, gx) = T 2k

fx) =



2 —4x2 435 +3

53. h(x) =
x—3
4 2
- —1
54, T(x).:%H—
x> —x+1

55, Suppose that f(x) and g(x) are defined for all x and that
limy—e f(x) = ~7 and limy_.g(x) = 0. Find the limit as
x — c ol the following functions.

a) 3f(x) b) (f (x))? 0 fx)- g
) L9y cose) £ /00
50) =7

56. Suppose that f(x) and g(x) are defined for all x and that
limy o f (x) = } and lim, . g(x) = +/2. Find the limits
as x — 0 of the following functions.

) —¢@ D@ W 9 @
d) 1/f(x) e x+ f£(x) £) f(x)); sinx
57. Use the inequality

1
0< (vxsin—| < /x
X

1o find lim,_.¢ +/x sin {1/x).
58. Usc the inequality
<%

9 .1
0 < [x“sin—
X

to find lim, _gx? sin (1/x).

Given that limy— 5o (SinX) /X = liMy—o(cos x)/x =0, find the
limits in Exercises 59 and 60.
59, lim 250X

X—>00 X

x +sinx
60, —_—

=00 X + COSX
Use the Sandwich Theorem to find the limits in Exercises 61
and 62.

. sin x . cosx
61. lm f) 62. lm -~ 7%

%24 2x ~15
x—3

63. Let f(x) = . X#3,

k, x =3.
What value, if any, should be assigned to k to make f
continuous at x = 3?
64. With the help of a graphing utility, determine lim,_,p+x*.
‘Why must this limit be approached from the right-hand side?
65. Smudy f(x) = (2 + 3*)Y* near x = 0 to determine each
limit.
a) limy o~ f(x)
b) lim, o+ f(x)
¢) Does lim, o f(x) exist? Explain.
sin x
66. Let f) =4 5, *#0
, x =0
What value, if any, should be assigned to & to make f
continuous at x = 0?

Practice Exerclses

67. The function y = 1/x does not take on either a maximum
or a minimum on the interval 0 < x < 1, ¢ven though the
function is continuous on this interval. Does this contradict
the Max-Min Theorem for continuous functions? Why?

68. What are the maximum and minimum values of the function
y = |x| on the interval —1 < x < 17 Note that the interval
is not closed. Is this consistent with the Max-Min Theorem
for continuous functions? Why?

69. True or false? If y = f(x) is continuous, with f(1) = ¢
and f(2) = 3, then f takes on the value 2.5 at some point
between x = 1 and x = 2. Explain.

70. Show that there is at least one value of x for which x +
cosx = 0.

71. How do you know (for sure) that x + logx = O has at least
one solution? Explain.

The Definitfon of Limii
72. Define what it means to say that

Iim f(x) = 3.
x—1

73. Define what it means to say that

. sinx
lim ——

x>0 X

=1

Wrong descriptions of limit. Show- by example that the state-
ments in Exercises 74 and 75 are wrong.

74. The number L is the limit of f(x) as x approaches xg if
f(x) gets closer to L as x approaches xp.

75. The number L is the limit of f(x) as x approaches xg if,
given any € > 0, there is a value of x for which | f(x) —
Ll < e '

Each of Exercises 76-81 gives a function y = f(x), a number
E, and a target value yg. In each case, find an interval of x-
values for which y = f(x) lies within £ units of yp. (Recall
our agreernent to try to choose the interval as large as possible.)
Then find an interval which can be described with an absolute
value inequality of the form Jx — xg| < D. -

Fx) E Yo
76. x+2 1 4
77. Fl 12 1
2
x—1
78. 0.1 2
8 x—3
9. et 0.1 )
x -3
80. 33 —dx 0.1 4
81. 3 —4x 0.1 (=1 <x5 <0)

P

e T T
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82. The function f(x) = 2x — 3 is continuous at x = 2. Given
a positive number ¢, how small must § be for |x — 2| < §
to imply that | f(x) — 1| < €?

83. The function f(x) = |x| is continucus at x = 0. Given a

positive number e, how small must § be for |x — 0 < § to
imply that | f(x) — 0] < &?

In Exercises 84 and 85, evaluate and confirm the limits using
the definitions of limits involving infinity.
1-2x

84. limy oo —
1 ®3xr—1

1—2x

. m —

=13 3x ~ 1
Each of Exercises 86—89 gives a function f(x), a point xg, and a

positive number €. Find L = lim, ,», f(x). Then find a number
8 > 0 such that for all x,

O<lx—xpl <8=|f(x)—L| <e.
86. f(x) =5x~ 10, xo = 3, € = 0.05
87. f(x) =5x—10, xp =2, ¢ = 0.05
88. fF()=+vx—5,x=9%¢€e=1
89. F(x)=+v2x -3, x0=2,€=1/2

The functions in Exercises in 90 and 91 are locally straight at
xg. Let L =limy 50 f(x), € > 0, and estimate § > 0 so that
|x —xp| < & implies that | f(x) — L| < €. You may assume that
€ is small, say ¢ < 0.01.

x2—x x—1
90. f(x)= x+2,x0=5 91. f(x):m,xoz—S

92, Coniroliing the flow from a draining rank. Torricelli’s Law
says that if you drain a tank like the one shown, the rate y at
which the water runs out is a constant times the square root
of the water’s depth. As the tank drains, x decreases, and
so does y, but y decreases less rapidly than x. The value of
the constant depends on the size of the exit valve.

Exit rate y ft*/ min’

93.

94.

Suppose that for the tank in question, y = v/x/2. You
are trying to maintain a constant exit rate of yp = 1 ft3/min
by refilling the tank with a hose from time to time. How
deep must you keep the water to hold the rate to within 0.2
f/min of yg = 1?7 Within 0.1 ft*/min of yy = 1? In other
words, in what interval must you keep x to hold y within
0.2 (or 0.1) units of yp = 17

Remark: What if we want to know how long it will
take the tank to drain il we do not refill it7 We cannot
answer such a question with the usual equation Time =
Amount/Rate, because the rate changes as the tank drains.
We could always open the valve, sit down with a watch,
and wait; but with a large tank or a rcservoir, that might
take hours or even days. With calculus, we will be able to
find the answer in just a minute or two, as you will see if
you do Exercise 47 in Section 4.7.

Dimension changes in equipineni.  As you probably know,
most metals expand when heated and contract when cooled,
and people sometimes have to take this into account in their
work. Boston and Maine Railroad crews try to lay track at
temperatures as close to 65°F as they can so that the track
won’t expand too much in the summer or shrink too much
in the winter. Surveyors have to correct their measurements
for temperature when they use steel mcasuring tapes.

The dimensions of a piece of laboratory equipment are
often so critical that the machine shop in which it is made has
to be held at the same temperalure as the laboratory where
a part is to be installed. And once the piece is installed, the
laboratory must continue to be held at that temperature.

A typical aluminum bar that is 10 cm wide at 70°F will
be

y =10+ (¢t —70) x 1074

centimeters wide at a nearby temperature z. As ¢ rises above
70, the bar’s width increases; as ¢ falls below 70, the bar’s
width decreases.

Suppose you had a bar like this madc for a gravity-wave
detector you were building. You need the width of the bar
to stay within 0.0005 c¢m of the ideal 10 cm. How close to
70°F must you maintain the temperature of your laboratory
to achieve this? In other words, how close to #y = 70 must
you keep ¢ to be sure that y lies within 0.0005 of yg = 10?

The equation 1000x2 4x — 1071 = 0 has meaning in chem-
istry. (See The Mathematics Teacher, Vol. 85(6), p. 462.)
Confirm that x = 0 is not a solution. Find the solution,
both exactly and approximately. Explain your results, and
discuss the error in your approximation.




