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Chapter 4 Applications of Derivatives

NS

Summary: What Derivatives Confirm About Functions and Graphs
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Exercises 4.2

For each function f whose derivative is graphed in Exercises 3
and 4, identify the intervals on which the graph of f is rising
or falling. Identify the local extreme values of f.

For each function f graphed in Exercises 1 and 2, identify where
the derivative f’ is 0, positive, and negative.
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In Exercises 5-32, show a complete graph and identify the in-
flection points, local maximum and minimum values, and the
intervals on which the graph is rising, falling, concave up, and
concave down. We suggest you do exercises from the three
groups in the order given.

Do Exercises 5-10 analytically, then support graphically.

6. y=4x2+8x+1
8. y=——2x3+6x2—3
10. y=x4—2x2

S.y= xr—x—1
7. y=,x3—6x2+9x+1
9. y=2x*—4x?4+1
Do Exercises 11-16 graphically, then confirm analytically.
11y =22 =562 +4x + 10
12, y = 4x> +21x% 4+ 36x — 20
13. y=3x"—x2—10
14,y =20+ 2x% — 9x*
/15. y=x+sinx, 0<x <2z

16. y=x —sinx, 0<x <27

Do Exercises 17-32 using a method of vour choice.
17. y = x*
18, y= —x* +4x3 —4x +1

~8xr 4 dx+2

19. y:—x4+2x2—3x—2
20. y =2x* —x? = 3x 45

21y =2x'% +3 22, y=5—x
23 y=3x72 -1 24, y =2x'/*

5 -7
25. Y E T 205 26. YT T a0
27. f(x) = {x +1 x=0

3—x%, x<0

2 -
2s.f(x)={2‘x > xrzl
2x, <

30, y =x34(5—x)
32,y =x"x +23)

29,y =x**3-x)
3Ly =x"3x -4
Analyze the motion of the particle moving on the x-axis with

distance from the origin given by each function in Exercises 33—
36. Support the analysis by graphing the parametric equations

x{t) =s@), y1(t)=2, and

x()=s(t), yt)=t,

and using TRACE.

Boxm=s@) =12 —4+3 34 x(@)=st)=6-2—1
35 x(1) =s(E) =2 —3t+3 36, x(t) =s(t) =37 —2°
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In Exercises 37 and 38, the derivative of the function v = f(x)
is given. At what points, if any, does the graph of fhave a local
minimum, local maximum, or point of inflection?

. YV =(x-1)%x-2)

38 v = — D2 —2)(x —4)

Find the local maximum and minimum values of the functions
in Exercises 39 and 40.
x 1

40. y= -
Ry

41. If f(x) is a differentiable function and f'(c) = 0 at an inte-
rior point ¢ of f’s domain, must f have a local maximum
or minimum at x = ¢7 Explain.

42. If f(x) is a twice-differentiable function and f”(c) = 0 at
an interior point ¢ of f’s domain, must the graph of f have
an inflection point at x = ¢? Explain.

1
39, y=x+—
Y

43. Quadratic cuives. True or false? A quadratic curve y =
ax® + bx + ¢ never has an inflection point. Explain.

44, Cubic curves. True or false? A cubic curve y = ax +bx’+
cx +d, a # 0, always has one inflection point. Explain.

Veiocity and Acceleration

Each graph in Exercises 45 and 46 is the graph of the position
function y = s(¢) of a body moving back and forth on a co-
ordinate line. At approximately what times is each body’s (a)
velocity equal to zero? (b) acceleration equal to zero?
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47. Sketch a smooth curve y = f(x) through the origin with
the properties that f/(x) < 0 for x < 0 and f'(x) > 0 for
x> 0.

48. Sketch a smooth curve y = f(x) through the origin with
the properties that f”(x) < 0 for x < 0 and f”(x) > 0 for
x> 0.

49. Sketch a continuous curve y = f(x) having the following

characteristics:

f(=2) =58, f@=r=2=0,

F0) =4, Flx) <0 for x| <2,
f(2)=0, Ff(x) <0forx <0,

F(x) >0 for x| > 2, F(x) > 0 for x > 0.

50. Sketch a continuous curve y = f(x) with the following
properties. Label coordinates where possible.

X y Curve
x <2 Falling, concave up
2 1 Horizontal tangent
2<x<4 Rising, concave up
4 4 Inflection point
4d<x<6 Rising, concave down
6 7 Horizontal tangent
x>6 Falling, concave down

zlizations 2f inflection Points
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Linearizations fit particularly well at points of inflection. You
will see what we mean if you graph the pairs of functions in
Exercises 51-54.

51. f(x) =sinx and its linearization L(x) = x at x = 0.

52. f(x) = sinx and its linearization L(x) = —x+7 atx = 7.

53. Newion's serpentine.  f(x) = 4x/(x* + 1) and its lineariza-
tion L(x) =4x at x = Q.

54, Hewion's serpensine.  f(x) = 4x/ (x2+ 1) and its lineariza-
tion L(x) = —x/2 + 3\/5/2 at the point (3, \/3).

= w3,
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55. Letyy =f(x) = x3 = 9x.
a) Show that f has a point of inflection at (0, 0).

b) Determine m and b so that yp = mx + b is the equation
of the tangent line to the graph of fat (a, f@)).

¢) Leta=1. GRAPH y; and y, simultaneously and ZOOM-
IN on the point (1, f{1)) in the graph of f. Is the graph
of y; above or below the graph of y2? Explain.

d) Repeat part (¢) witha =2,3, -1, -2, -3,

56. The function f (x) = x> —2x —2cosx has a point of inflec-

tionin -1 <x < 0.

a) Try to find the coordinates of this point of inflection by
using ZOOM-IN. Explain why this procedure does not
work.

b) Find the coordinates of the point of inflection by using
y = NDER?2 f, and ZOOM-IN or SOLVE.

¢) Group Discussion. Can you confirm part (b) analyti-

cally? Explain.

A ball is hit at an angle of elevation « and with initial velocity
vp. Neglecting air resistance, the position of the ball in Cartesian
coordinates at time ¢ is

(x (@), y(1)) = (vot cosa, vof sina — 16¢2).

57. Use your grapher in parametric mode to simulate the motion
of the ball hit with vo = 90 ft/sec and o = 40°, 50°, 60°,
75°, 80°, 85°.

58. Determine formulas in terms of vp and « for the length of
time the ball is in the air, the maximum height of the ball,
and the range of the ball (the distance from the origin to the
point of impact on level ground).

59. Determine the angle « so that the maximum height of the
ball is equal to the range. Is this angle independent of vy?

A complete graph has no important behavior hidden from view. In Sec-
tion 1.1, we suggested what complete graphs of linear, quadratic, and cubic
functions look like. Now we are equipped to establish what a complete graph
of any polynomial function looks like. Because complete graphs also re-
quire that we know about the intercepts, we will look at a numerical method
called Newton’s method, or the Newton-Raphson method, for solving an
equation f(x) = 0. We will close the section with applications involving
optimization—finding values of x that give maximum or minimum values of
Jix) where f is a function that models the real situation.



